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The present communication has been divided into three sections of which the first section is introductory. The second 
section has been divoted to the study of “Projective motion in a symmetric finsler manifold”. In this section we have 


derived the conditions which shall be satisfied 


(i) When the infinite gimal transformation x -i = x i + vi defines a projective motion in a symmetric finsler 


manifold and 


(ti) when the projective motion admitted in asymmetric finsler manifold become an affine motion and in this 
continuation have also derived the necessory and sufficient conditions which shall be satisfied in order that a 
symmetric finsler manifold may admit a projective motion. The third section has been devoted to the study of projective 


motion in a projective symmetric manifold. 


In this section we have derived the necessary and sufficient condition under which in a finsler manifold 
admitting projective motion the Berwald’s curvature tensor H i jkh (x, x ) becomes a a Lie- invariant and in this 
continuation have also derived the conditions under which the projective deviation tensor w i z ( x , x) becomes a lie- 


invariant in a finsler manifold admitting projective motion. 


In the lost we have absorved that in a projective symmetric manifold if there exists a proper projective motion 
than the space under consideration must be projectively flat and also that a projective curvature tensor cannot admit a 


proper projective motion, at the most the manifold under consideration may admit an affine motion. 
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1. INTRODUCTION 


The equations of geodesic deviation have been given by Berwald [1] in the form 


= +HiG.2)z* =0, (1.1) 


where ZŤ is called the deviation vector. The tensor # IG, #) is called the deviation tensor defined by 
Hi (x, 2) E Ki, Gz, Jii, (1.2) 
It can also be written in the form 

Hil č) = 24, G' — 4, (IGE + Cim G — 6,674,,6", (1.3) 


where, we have used the fact that the function G(x, #) is positively homogeneous of degree two in its 


directional arguments. 
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The tensors defined by 
AC) © 2 (6,0) — Hj) (1.4) 
and Hipi) & OH (1.5) 


are explicitly written as 
Hi, = iG — 4;4,G' + Gi, 4,6" — Gi,d,6" (1.6) 
and Hie = Oy Gig — Gir + Gij Gra — Gir Gey + GrG" — Giy78,6", 
where Gii = dCi; 
and 
Giai" =0. (1.7) 


We can easily obtain the following 


(a) Hil, #)2* = 0, (b) Hit! = Hi, (c) Hiat" = Hf, 
(d) Hi =H, (e) Hi, = Hig = dH, (f) Hä = Hi = n- DH, 
(g) Hije + Hia + Hing = 0, (h) Hy — Haj = Hy. (1.8) 


The commutation formulae involving the tensors H pr and Giy are given by 
(a) Twn — Tow = —(4T)H ik 
b) Tipo — Gow = 4 Hie + TY Hi — I Af, 
(c) (4,7) ,—4,Tin =0. 
and (d) (8,7), — 4: Tiny = Te Gin — TY Gian (1.9) 
2. PROJECTIVE MOTION IN A SYMMETRIC FINSLER SPACE: 
The transformation 
Gili) = Gi) — pG, z) 2", (2.1) 


preserves the geodesics of Fm and defines a projective change, px.) appearing in (2.1) is an arbitrary 
homogeneous scalar function of degree one in #"'s, For Gi = 4,0," therefore it can be seen from (2.1) that the Berwald’s 


connection parameters Gi under the change (2.1) assume the following from 
Gk = Gh — ZpS — Dix, (2.2) 


where Py and Py are the directional derivatives of p and they satisfy 
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(a) Pe = Gp, (b) Pie = Gx, (2.3) 
and because of their homogeneous properties these derivatives of the function Pp satisfy 
(a) ppt! =p, (b) pat! = 0. (2.4) 
Definition (2.1) 
An Fn is called a symmetric manifold if the Berwald’s curvature tensor becomes a covariant constants, i.e. 
Hiat = 0. (2.5) 
It can easily be verified that such a symmetric manifold also satisfies 
(a) Higten), (b) Himd = 9, (c) Htm = 9. (2.6) 


When the infinitesimal transformation #'=2x'+€ w" admits a projective motion it is seen in [7] that the 
connection parameters are expressed by 


FG}, = 25) Pia +z ‘Dix. (2.7) 


The commutation formula involving the processes of Lie-differentiation and Berwald’s covariant differentiation is 


given by 


T Tip (BT), = FSG; — 2 Gh — (46,7) £4. (2.8) 
Applying the commutation formula (2.8) to the deviation tensor H i and thereafter using (2.6) and (2.7), we get 


(ZH) y = PiE] + pj Hit 2p, Hj — Sim H] — t pp H ic 
Here, we have taken into account the facts given by (1.8) and (2.4). 
Contracting (2.9) with respect to the indices È and f and then using (2.3) and (2.4), we get 

på H + 2p, HAF, H) gy = 0. (2.10) 
Transvecting (2.10) by #* and thereafter using (1.9) and (2.4a), we have 


Theorem (2.1) 


If the infinitesimal transformation #' = x'+€ wv" defines a projective motion in a symmetric Finsler manifold then 


there exists a scalar function P satisfying 
p = i (Z, Hlp tH, (2.11) 
for a non-vanishing scalar function Ħ. 


It can easily be verified from (2.7) that the vanishing of the vector pj is the necessary and sufficient condition in 


order that the projective motion may become an affine motion. Hence, with the help of (2.11) and (2.3a), we can state: 
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Theorem (2.2) 


In order that a projective motion admitted in a symmetric Finsler manifold becomes an affine motion in the same space, it 


is necessary and sufficient that °(#,H) t must vanish. 
The expression % (2H Jt can be expanded with the help of (2.8) in the following form 
ŻELE Woy = #*{(d, Hv} yz}, (2.12) 
where, we have taken into account (2.6c). 
Using (1.9) and (2.6c) into the right hand side of (2.12), we get 
ZZ Hw = (AHi om i E. (2.13) 
Using (2.13) in (2.11), we get 
p = (H) (vom VAH. (2.14) 
With the help of (2.14), we can state: 
Theorem (2.3) 


In a symmetric Finsler space a projective motion reduces into an affine motion provided the vector field v" be supposed to 


be a covariant constant. 
Theorem (2.1) stated above can be proved entirely in a different manner. 


Taking the covariant derivative of Hi, and thereafter using (1.9), we get 
o i — i i i iy ` 
(BHi) = 2H kti — Ekia + Hja E (2.15) 


where, we have taken into account (2.5) and (2.6a). 


Using (2.3) and (2.7) in (2.15) and thereafter rearranging the terms, we get 


(Ei) ny = 2PH iim — SnPsH fc + 2P Hi + pHi + 2PrmticH t — 
i Pms t o {HiHi — 2H im Hig — Hha Him} + 
+0} HA Cher — 2H iphm". (2.16) 


Taking into account the commutation formula given by (1.9) for i, we get 


2H irony tan = HiH heme — 2H ine Hie — H fest im (2.17) 
And (pHi) y — frid = HiGime — 2H ip. Chim: (2.18) 
respectively. 


Using (2.5) and (2.6a) in (2.17) and (2.18), we respectively get 
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HjHims — 2H mt jis — HjxsHim = 0, (2.19) 
and H&Gims — 2H iy G5iim = 9. (2.20) 

Using (2.19) and (2.20) in (2.16), we get 
(Hf), = AP i — OnPr Hf + 2m Hi + pH fem + 


+2 pe H hat" — E Pme. (2.21) 


Transvecting (2.21) by #* and then using (2.4b), (2.9) and the fact that H pea ® = 0, (2.21) reduces into (2.9) and 


thus we shall get Theorem (2.1). 
Writing the Lie-derivative of the tensor field H pi and thereafter transvecting it by = " we get 
Fy Hj, = 28" (Gh) g (2.22) 
Using (2.4b) and (2.7) in (2.22), we get 
F, Hi, = 26h, pm + t ppg). (2.23) 
Transvecting (2.23) successively by žit we get 
ZH = ipp. (2.24) 
Using (2.11) in the covariant derivative of (2.24), we can therefore state: 
Theorem (2.4) 
The infinitesimal transformation =! = x' + ev" defining a projective motion in a symmetric Finsler manifold satisfies 
4pH + iii poi) = 0. (2.25) 


Noting (1.9), (2.4a), (2.23) and the partial derivative of (2.7) to the partial derivative of (2.7) to the Lie-derivative 
of (2.20), we get 


25; Chom Pia) + 22 (Gin po + Cone Pipa) + 2(6),Pmds + 2" Prom HR — 

— 256m Hyg, + 2P xm A; — Pom Hie + Pem Hy = 0. (2.26) 
Contracting (2.26) with respect to the indices = and $ and then using (2.4a), we get the following form of (2.26) 

Gr — Dim Hi, + 20m; Aya; + 2p Him + 2Pimy AA = 0. (2.27) 
Transvecting (2.27) by #* and thereafter using (1.8) and (2.4b), we get 

Pim Hi — py Hi, = Ga — pmj. (2.28) 


Interchanging the indices m and f in (2.28), we get 
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np Hs, — Pim Hj = Gr — pim. (2.29) 


Since the tensor Pmj is Symmetric in its lower indices, the right hand side of (2.28) and (2.29) are therefore same. 


On equating (2.28) and (2.29), we therefore get 
Pim Hj = Big Hm (2.30) 
Using (2.28) and (2.30), we get 
Pim Hj = Pmj H. (2.31) 
We can therefore state: 
THEOREM (2.5) 


In order that a symmetric Finsler manifold may admit a projective motion, it is necessary and sufficient that (2.30) and 


(2.31) should hold together. 


3. PROJECTIVE MOTION IN A PROJECTIVE SYMMETRIC FINSLER MANIFOLD 


Berwald’s curvature tensor pi being a tensor of the type (1.3), its Lie-derivative can be obtained from the formula given 


by (2.8). On the other hand the Lie-derivative of pr is also expressed according to Yano [8] by 

2 Ly Gis) = Hja + AF Gay) Gier (3.1) 
Transvecting (3.1) by Ž " and thereafter using (1.9) and the relation FG; = Sip + zp; , we get 

F, Hi = 246),p1jn + i Peh (3.2) 
in a projective Finsler manifold. 
Using (1.9) in (3.2), we get 

T Hi = 24y a- aj i"p — atx kp; ti (3.3) 
and F,H = —2' prj, (3.4) 
respectively. Therefore, we can state: 


THEOREM (3.1) 


In an Fm admitting a projective motion, in order that H ha may become a Lie-invariant it is necessary and sufficient that 
Pri = 0. 


We now proceed to prove the above statement. Finsler manifold Fm admitting a projective motion along with 


Prip = 0 reduces (3.2) to P HĀ, = 0, which after making use of (1.9) gives P His = 0. 


In order to prove the sufficient part of this theorem, we have Æp hn = 0 in a projective Finsler manifold. 


Transvecting this relation by AE successively we get PHÌ = 0 where we have taken into consideration (1.9), thereafter 
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contracting this relation with respect to the indices È andj and thereafter using (1.9), we get #,H = 0. 


In view of this fact, from (3.4) we get $ ip, = 0. The partial derivative of this relation with respect to * after 


making use of (1.9) and (2.3a) gives 
Pr + py p =U. (3.5) 


Contracting (3.2) with respect to the indices È and & and then using 4H; = 0, we get 
npp — X'piay = 0, (3.6) 
where we have taken into account (2.3a) and the invariant property of ‘under the process of Berwald covariant 
differentiation using (3.5) and (3.6), we get prp = 0, from which we can easily get the required result. 
The tensor defined by 
we! = pgi- Hal — (äni — 6, H) xi, (3.7) 


is called the projective deviation tensor. Forming its Lie-derivative and using the relations (3.3), (3.4), (2.4), we 


can state: 
THEOREM (3.2): 
In a Finsler space admitting a projective motion the projective derivation tensor wi becomes a Lie-invariant, i.e. 
PW =O. (3.8) 
DEFINITION (3.1) 
A Finsler manifold characterised by 
Wisa = 0, (3.9) 
has been called by Mishra [6] as projectively symmetric manifold and such a manifold is denoted by PS —F,. 
It has been seen that a projective symmetric manifold also admits 
(a) Wir) =O, b) Wy = 0. (3.10) 


The commutation formula involving the processes of Lie-differentiation and Berwald’s covariant differentiation 


for an arbitrary contravariant X! is given as 
P (io) — (ZX gg =X" £65, — (4, X')F,65,2°. (3.11) 
Applying (3.11) for wi , we get 


F Wip — (EW) y = WF £63, — We 2,65, — (6,.Wi)2,65,2™. (3.12) 


te 


Now, we take into account the existence of a projective motion in a projective symmetric manifold, in such 


manifold (2.7), (3.7) and (3.10a) always holds. Making use of these relations in (3.12), we get 


www.Upre.org editor @Ujprc.org 


50 


we get 


S. K. Srivastava, S. B. Misra & A. K. Srivastava 
WF {25).py + pa} W isipo + 2px} — 
—(4,WE){255,, Prd + 2 Pim j = 0. (3.13) 
It has been observed that the projective deviation tensors we satisfies the following relations 
@wi=o0, (b)Wz*=0 © dwi=o. (3.14) 
Using (3.14) and (2.3a) in (3.13), we get 
ip, We + iip WS — pW — 2p, Wi — på Wi =0. (3.15) 


Contracting (3.15) with respect to the indices È and & and thereafter using (2.4b) and the fact that awi = 2w, 


PWF = 0. (3.16) 
Transvecting (3.15) by #* and then using (3.14) and (2.4b), we get 

"pW = pW. (3.17) 
Using (3.16) in (3.17), we get 

pl! =0. (3.18) 


An obvious consequence of (3.18) is either p = 0 or we = 0. But p = 0 reduces a projective motion into an affine 


motion while the vanishing of the tensor we tells that the space under consideration is projectively flat. Therefore, we can 


state: 


THEOREM (3.3) 


In a projective symmetric Finsler space if there exists a proper projective motion i.e. those with p = 0 then the space under 


consideration must be projectively flat. 


THEOREM (3.4) 


A projective symmetric manifold with non-zero projective curvature cannot admit a proper projective motion, at the most 


the manifold under consideration may admit an affine motion. 
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